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Abstract Abrief account is provided on crack-tip solutions that have recently
been published in the literature by employing the so-calledGRADELA model and
its variants. The GRADELAmodel is a simple gradient elasticity theory involving
one internal length in addition to the two Lame’ constants, in an effort to eliminate
elastic singularities and discontinuities and to interpret elastic size effects. The
non-singular strains and non-singular (but sometimes singular or even hypersingu-
lar) stresses derived this way under different boundary conditions differ from each
other and their physical meaning in not clear. This is discussed which focus on
the form and physical meaning of non-singular solutions for crack-tip stresses and
strains that are possible to obtain within the GRADELA model and its extensions.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1405105]
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A simple gradient elasticity model was proposed by the author in 1992 and used to eliminate
the strain singularity from crack tips.1 This model, known as GRADELA, involves only one extra
gradient coefﬁcient (the square root of which is indentiﬁed with the internal length) multiplying
the Laplacian of the Hookean stress which, in turn, was added to the classical linear elasticity ex-
pression for the overall macroscopic stress. This resulted to the GRADELA constitutive equation
for the Cauchy stress, i.e., the stress satisfying the equations of equilibrium and, which in the clas-
sical treatment of the subject is the quantity which relates linearly the traction vector with the unit
normal to the elementary surface that it acts upon. This model was used to produce non-singular
strain ﬁelds for dislocation lines and crack tips in various publications as discussed in a review by
the author2 and references quoted therein.
To remove both strain and stress singularities, a hybrid constitutive equation including both
the Laplacians of stress and strain was employed and implemented in the aforementioned article.
A phenomenological justiﬁcation for such a hybrid constitutive equation, formally including both
Eringen’s nonlocal (or stress gradient) and GRADELA models, was provided by the author.3 This
was also elaborated brieﬂy in Refs. 4–6, where non-singular ﬁeld expressions for Mode III (exact)
and Mode I (approximate) were listed. Such preliminary solutions were included in internal
(also available on the internet) Lab reports but not published, mainly due to concerns of Rice.∗
However, after the exercise was completed for all Modes I, II, and III, mainly thanks to a PhD
dissertation,7 these solutions were listed in various articles8,9 to stimulate the interest and provoke
the attention of the mechanics and materials communities. As a result, an increasing number of
publications using the combined hybrid stress/strain gradient model has appeared in the literature
a)Email: mom@mom.gen.auch.gr.
∗Private communication between Aifantis and Rice with email exchanges, December 2005.
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for interpreting size effects and modeling the mechanical response of small objects, including
microbeams, microplates, nanotubes, and other micro/nano elastically deforming components.
One such article (see footnote  below) focuses on equilibrium and compatibility aspects for
the non-singular crack-tip solutions presented by the author3–5,8 and, thus it deserves to be dis-
cussed here for elucidating these issues and provide further insight into GRADELA. In this con-
nection, it is pointed out that some GRADELA solutions in Refs. 10–13 exhibit desirable prop-
erties for the displacement and the non-singular strain ﬁelds, but crack-tip stresses turn out to be
highly singular and of opposite sign than physically expected. For example, the σ22 stress com-
ponent for aMode I crack loaded in tension, turns out to be compressive near the tip and varies as
∼r−3/2 (hypersingular). Thus, while some difﬁculties encountered in classical linear elastic fracture
mechanics (LEFM) are removed, other undesirable issues emerge. Another problem is concerned
with the form of these crack-tip solutions. The success of LEFM is partly due to the simplicity of
its crack-tip solutionswhich, despite of their non-singular character, were efﬁciently utilized in
engineering applications. If alternative forms of non-singular crack-tip solutions are to be used in
the place of their classical counterparts, their form should be simple enough and robust for engi-
neering appli-cations. This is a central aspect of concern that this article elaborates upon.
The GRADELA model was proposed1,2 independently of Mindlin’s variational formalism.15
To present GRADELA’s variational counterpart, the strain energy (or equivalently the Helmholtz
free energy) density for the GRADELA model reads ψ(εi j, εi j,k) = λεiiε j j/2+Gεi jεi j+2(λεii,k ·
ε j j,k/2+Gεi j,kεi j,k), where ε (εi j = 1/[2(ui, j + u j,i)] denotes the inﬁnitesimal compatible strain
tensor and εi j,k its corresponding gradient, and ui = ui (xk) is the inﬁnitesimal displacement ﬁeld.
The quantities (λ , G) are the usual Lame´ constants, and  denotes the newly introduced internal
length (c≡ 2 is commonly known as gradient coefﬁcient). In the sequel, the following variational
statement (for a body occupying the region υ bounded by its surface s)
∫
υ
(δψ)dυ −
∫
s
(tiδui+ τiDδui)ds= 0, (1)
is assumed to hold for every variation of the displacement ﬁeld δui, where ti is the traction,
τi is the hypertraction and Dδui = δui, jn j denotes the normal derivative of the variation of
δui. Then, Eq. (1) leads to the usual differential equations of equilibrium for the stress ten-
sor σi j, satisfying the GRADELA constitutive relation, i.e., σi j, j = 0, σi j = λ εkk δi j + 2Gεi j −
2(λεkkδi j+2Gεi j),mm with the expressions for the traction ti and hypertraction τi as ti = σi jn j+
2Lj(λεkkδi j + 2Gεi j),knk, τi = 2Lj(λεkkδi j + 2Gεi j),knkn j, where Lj is deﬁned by Lj(νi) =
nk,kνin j − νi, j + νi,nn j. The corresponding boundary conditions read ui = U¯i or ti = σi jn j +
It may be noted, in this respect, that while constructive criticism of any theory is welcome leading to possible
improvements and clariﬁcations, misleading statements14 that may cause confusion to the non-expert or the new comers
in the ﬁeld should be avoided. This is also the case with other references10,12 where the GRADELA model (which is
essentially adopted in their analysis) is directly attributed to Mindlin,15 disregarding entirely the related contributions of
the author’s team. In this connection, it should be pointed out that the revival of Mindlin’s theory (which involved ﬁve
constants, in addition to the two Lame´ elastic moduli) is partly due to the robustness of GRADELA, which eventhough it
may be viewed as a special case of Mindlin’s celebrated work, it is of different nature and physical origin than
GRADELA. This, in fact, may not have been appreciated by the above researchers. And, interestingly, this has occurred
despite of the previous exposure of these contributors to the author’s works.16,17
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2Lj(λεkkδi j + 2Gεi j),knk = T¯i, and ui, jn j = E¯i or τi = 2Lj(λεkkδi j + 2Gεi j),knkn j = S¯i, where
U¯i, T¯i, E¯i, S¯i are prescribed functions on appropriate portions of the boundary.
An extension of the above described GRADELA model including both strain and stress gradi-
ents can be established by starting with a Helmholtz free energy ψ of the form ψ(Ei j,Ei j,m,Ei j,mm)
= Ci jklEi jEkl/2+(21+ 
2
2)Ci jklEi j,mEkl,m/2+ 
2
1
2
2Ci jklEi j,mmEkl,qq/2, where Ei j is an incompat-
ible strain, Ci jkl is the elastic stiffness, and 1, 2 are internal lengths. Then, using a gener-
alized Hu–Washizu type variational principle based on the functional J(ui,σi j,Ei j) =
∫
Ω [ψ −
biui + (ui, j + u j,i)σi j/2− σi j(Ei j − 22Ei j,kk)]dV −
∫
∂T Ω T˜iui dS−
∫
∂UΩ σi jn j(ui−U˜i)dS with the
constraint εi j ≡ (ui, j + u j,i)/2 = Ei j − 22Ei j,kk, where εi j is compatible, we can proceed with the
minimization of J, by also eliminating Ei j in favor of εi j. The ﬁnal boundary value problem
obtained by this procedure reads (for the ﬁeld and constitutive relations)
σi j, j = 0, σi j− 22σi j,kk =Ci jkl
(
εkl − 21εkl,mm
)
in Ω , (2)
with the following boundary conditions
σi jn j = T˜i on ∂σ Ω , ui = U˜i on ∂uΩ , (22σi j,q− 21Ci jklεkl,q)nq = R˜i j on ∂Ω . (3)
It is noted that in the case of 1 = 0 and 2 = 0, Eringen’s theory is obtained, as derived by
Polizzotto18 who used a Hellinger–Reissner type variational principle with an energy potential
ψ = ψ(σi j,σi j,k). However, in the case of 1 = 0 and 2 = 0, the boundary conditions are differ-
ent than those deduced for GRADELA. While variational principles is an effective tool facilitating
the formulation and solution of boundary-value problems, as well as corresponding numerical im-
plementations, they may not always lead to physically plausible and mathematically robust results.
An alternative viable approach is to use the equations of equilibrium, along with appropriate con-
stitutive equations and physically motivated boundary conditions. This may be preferable in cases
that it leads to mathematically appealing and experimentally veriﬁable solutions, as discussed later
in the paper for the non-singular crack-tip GRADELA solutions.
As discussed previously,4,5 the shear strains (say ε23) for Mode III are determined by an
inhomogeneous Helmholtz modiﬁed equation of the form
ε23− 2∇2ε23 = εc23 =
KIII
2G
√
2πr
cos
θ
2
, (4)
where the right hand side is the classical LEFM solution with the various quantities having their
usual meaning. By setting ε23 = [KIII/(2G
√
2π)]E (r)cos(θ/2) in Eq. (4), it follows that E (r)
satisﬁes the differential equation [1+ c/(4r2)]E (r)− 2(E ′′ (r)+E ′ (r)/r) = 1/√r, which, by
requiring that ε23 is zero at the crack-tip (r → 0, to satisfy the boundary condition) and that
it approaches its classical counterpart at large distances away (r → ∞), it yields the following
asymptotic expressions for the strains
ε23 =
KIII
2G
√
2πr
(
1− e−r/)cos θ
2
, ε13 =− KIII
2G
√
2πr
(
1− e−r/)sin θ
2
. (5)
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The corresponding stresses conjugate to the above strains read
σ23 =
KIII√
2πr
(
1− e−r/)cos θ
2
, σ13 =− KIII√
2πr
(
1− e−r/)sin θ
2
. (6)
Analogous results can be derived for Mode I. The governing equation for the stress components
(say σ22) is
σ22− 2∇2σ22 = σ c22 =
KI√
2πr
[
cos
θ
2
(
1+ sin
θ
2
sin
3θ
2
)]
, (7)
where the right hand side is thewell-known classical solutionwith various quantities having their
usualmeaning. Bywriting the angular component in Eq. (7) as [(5/4)cos(θ/2)−(1/4)cos(5θ/2)],
splitting this equation in two parts, solving the two resulting inhomogeneous modiﬁed Helmholtz
equations separately by using superposition and, ﬁnally, taking into account the boundary con-
ditions σ23 → σ c23 for r → ∞ and σ23 = 0 at r = 0, it turns out that under certain conditions the
relevant non-singular solutions for all normal stress components can be cast in the form8
σ11=
KI
4
√
2πr5/2
{
3r2(1−e−r/)cos θ
2
+
[−62+r2+2e−r/ (32+3√r+ r2)]cos 5θ
2
}
,
σ22=
KI
4
√
2πr5/2
{
5r2(1−e−r/)cos θ
2
−[−62+r2+2e−r/ (32+3√r+ r2)]cos 5θ
2
}
,
σ33=
ν
√
2KI√
πr
(
1− e−r/)cos θ
2
,
(8)
with ν denoting Poisson’s ratio. Moreover, a series expansion in the above formulas for r → 0
gives the following asymptotic forms for the ﬁnite stress components near the crack tip
σ11 =
KI
4
√
2π
[
3r1/2 cos
θ
2
+
1
4
(
−6cos θ
2
+ cos
5θ
2
)
r3/2+O
(
r5/2
)]
,
σ22 =
KI
4
√
2π
[
5r1/2 cos
θ
2
− 1
4
(
10cos
θ
2
+ cos
5θ
2
)
r3/2+O
(
r5/2
)]
,
σ33 =
ν
√
2KI

√
π
[
r1/2 cos
θ
2
− 1
2
cos
θ
2
r3/2+O
(
r5/2
)]
.
To complete the set of the asymptotic formulae for the Mode I stress components given by Eq. (8),
the corresponding expression for the remaining shear stress component σ12 is needed9
σ12=
KI
4
√
2πr5/2
{
r2(−1+e−r/)sin θ
2
+
[
−62+r2+2e−r/(33+3r+r2)]sin 5θ
2
}
+σhom,
σhom=
KI
2
√
2π
3y
π1/2
∫ 0
−∞
|s|−5/2−es(−s)−1/2 [1/2−1/s+1/s2]√
(x− s)2+ y2 K1
[√(x

−s
)2
+(
y

)2
]
ds, (9)
with K1 denoting Bessel function. This differs from the expression listed by others14,19 through
the term σhom which should be added for the shear stress σ12 to vanish on the crack surface.
Physical meaning and properties of the non-singular solutions It should be noted ﬁrst that
Eq. (6) does not satisfy the standard equilibrium equation but a gradient enhanced or generalized
non-standard equilibrium equation of the form (σi j − 2∇2σi j), j = σ ci j, j = 0, i.e., the quantity
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σi j − 2∇2σi j is divergence free, as is the case for the Hookean stress σ ci j of classical elasticity,
which is well-known to be singular at the crack tip. Thus, the quantity σi j may not be considered
as a standard “macrostress” ﬁeld but rather as a non-standard “microstress” ﬁeld which satisﬁes a
nonlocal-type equilibrium equation of the form σi j, j = fi, where σi j denotes the bulk stress and
fi is an internal body force taking into account the bulk-surface interaction. This was, in fact,
the physical basis for the author’s 1978 proposal for a continuum with microstructure20 which
can exchange mass, momentum, and energy with external or internal surfaces. This is the same
concept that was used for proposing later in 1984 the well-known gradient plasticity model,21 for
a dislocated continuum which could exchange, for example, momentum between dislocation and
lattice states. (For a recent critical review of gradient plasticity theories, the reader can consult a
most recent landmark article by Gurtin and Anand.22) In the present case of the GRADELA model
σi j may be identiﬁed with “bulk” stress, and 2∇2σi j, j with the internal body force fi, such that
the stress σ ci j satisﬁes the usual equilibrium equation. The overall macroscopic stress σ ci j remains
singular,23 whereas the “bulk” or microstress σi j is non-singular. Analogous is the situation for
the non-singular stresses of Mode I given above by Eq. (8). These were also listed in Refs. 14,
19, among other things, that the stress σ12 (txy in their terminology) does not vanish on the crack
surface. The appropriate expression for this shear stress component which vanishes on the crack
surface9 (thus satisfying the relevant stress-free boundary condition) is given by Eq. (9).
Another issue concerns the non-singular strains (conjugate to the above non-singular stresses)
listed in Eq. (5), which are not compatible. These non-singular strains should be viewed as mi-
crostrains, not necessarily associated with a macroscopic displacement ﬁeld. In fact, the strains
derived for dislocation ﬁelds are not compatible.24 It should be pointed out that an insistence for
both σi j and τi jk,k to be divergence free could be overly restrictive.24 In this connection, some
comments on the so-called Ru–Aifantis theorem are in order. Conditions for which solutions of
gradient elasticity could be written in terms of solutions of classical elasticity were obtained,23
in an attempt to reduce the fourth-order governing partial differential equation for the displace-
ment ﬁeld to a much easier treatable second-order equation of the Helmholtz type. In fact, this
reduction was also used in Refs. 24, 25 (as it was done earlier by the author and co-workers23,26)
for solving dislocation and disclination problems within the structure of the GRADELA model.
It is also pointed out that the Ru–Aifantis observation was directly motivated by an earlier work
of the author, where solutions of double diffusivity theory (i.e., a fourth-order diffusion theory),
were reduced to the solutions of classical second-order diffusion theory.27,28 It should also be re-
marked again that while the GRADELA model may be obtained as a special case of Mindlin’s
strain gradient theory, it was not clear what physical arguments can be used for reducing this
complex theory to the robust GRADELA model. The microscopic basis provided by the author28
for the GRADELA model applied at the nanoscale is different than Mindlin’s phenomenological
formalism which could not suggest which constants could be clustered together or neglected.29
A most interesting feature of the ﬁrst GRADELA crack solution30 was its ability of re-
producing Barenblatt’s smooth closure type proﬁles for the crack faces, even though the crack
opening displacement (COD) of the “physical” crack tends asymptotically to zero at large dis-
tances away from the tip of the “mathematical” crack. It should be expected that the problem
of “crack closure” is associated not only with the constitutive equation used, but also with the
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boundary conditions (variationally consistent or otherwise) that are assigned to solve the gov-
erning differential equations. In this connection, it is pointed out that “surface stresses” is im-
portant to consider in crack problems. This will be elaborated upon in a forthcoming article31
where surface energy effects are incorporated to the gradient elasticity formalism as applied to
cracks. It appears that this combined strain gradient–surface stress approach may shed addi-
tional light on the problem of non-singular crack-tip stresses. By considering the Mode III crack
conﬁguration30 and introducing a surface stress σ s = σ sαβ eα ⊗ eβ we arrive at the relationships
σ sαβ eα + [σi jn jei] = 0, καβ σ
s
αβ = [σi jnin j], σ
s
αβ = σ0δαβ + 2(μs−σ0)εsαβ +(λs+σ0)εsγγδαβ ,
α,β = 1,2, where the familiar Gurtin–Murdoch formalism has been adopted.32 Herein, σ0 de-
notes surface tention and (λs,μs) surface elastic constants, δαβ is the Kronecker delta, καβ is the
curvature of the surface with normal n, (εsαβ ,σ
s
αβ ) are respectively the second-rank tensor compo-
nents of surface strain and stress, whereas (εi j,σi j) denote the strain and stress ﬁelds in the body’s
interior. For the Mode III conﬁguration, it turns out that the displacement component u3 satisﬁes
the following fourth-order equation (with c ≡ 2)∇2(1− c∇2)u3 = 0, to which we also assign
the non-standard boundary condition ∂ 2u3/∂x22 = 0 on the crack line |x1|  a (x2 = 0). In addi-
tion, we have the stress conditions σ s13,1+[σ23] = 0, σ
+
23 = τ0−σ s13 = τ0− (μs−σ0)∂ 2u+3 /∂x21,
σ−23 = τ0+σ
s
13 = τ0+(μs−σ0)∂ 2u−3 /∂x21, where τ0 is the shear stress applied on the crack sur-
face, the symbol “[ ]” denotes jump, and “+, −” are introduced to denote ﬁelds above and below
the axis of symmetry. It then follows that the displacement, strain, and stress ﬁelds read
u¯3 (x¯1, x¯2) =
τ0
μ
∫ ∞
0
J1 (ζ )
ζ +Sζ 2
(
exp(−ζ x¯2)− c¯ζ
2
c¯ζ 2+1
exp
(
−x¯2
√
ζ 2+
1
c¯
))
cos(x¯1ζ ) dζ ,
ε¯13 (x¯1, x¯2) =
τ0
2μ
∫ ∞
0
J1 (ζ )
ζ +Sζ 2
(
exp(−ζ x¯2)− c¯ζ
2
c¯ζ 2+1
exp
(
−x¯2
√
ζ 2+
1
c¯
))
sin(x¯1ζ ) dζ ,
ε¯23 (x¯1, x¯2) =
τ0
2μ
∫ ∞
0
J1 (ζ )
1+Sζ
(
exp(−ζ x¯2)−
√
c¯ζ 2
c¯ζ 2+1
exp
(
−x¯2
√
ζ 2+
1
c¯
))
cos(x¯1ζ ) dζ ,
σ¯13 (x¯1, x¯2) =−
∫ ∞
0
ζJ1 (ζ )
1+Sζ
(exp(−ζ x¯2)sin(x¯1ζ )) dζ ,
σ¯23 (x¯1, x¯2) =−
∫ ∞
0
ζJ1 (ζ )
1+Sζ
(exp(−ζ x¯2)cos(x¯1ζ )) dζ ,
where the parameter S is deﬁned by S = (μs−σ0)/(μa) and the bar denotes normalization with
the applied stress τ0 (for the stress) or the crack length a (for the strains and the displacement).
The above relations demonstrate that not only the strain remains ﬁnite, but also the stress is non-
singular at the crack-tip (|x¯1| = 1). Also, the displacement ﬁeld obeys a “smooth closure condi-
tion” near the crack edge, as before.30 Although this is a preliminary analysis, it is reported here
as an alternative way to deal with both stress and strain singularities, bypassing the concept of
“microstress” vs. “macrostress” ﬁelds. As the initial GRADELA article30 served a useful purpose
in the past for motivating the recent activity in non-singular cracks, it may be expected that a com-
bination of gradient elasticity and surface stress elasticity arguments may offer new possibilities
for this research ﬁeld in the future.
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